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On the Genus of Z3 x Z3 X Z3 
MATTHEW G. BRIN AND CRAIG C. SQUIER 
We prove that the group 1':3 x 1':3 X 1':3 has orientable genus 7 and improve on the known bounds 
for the non-orientable genus. 
1. INTRODUCTION 
Let T denote the group Z3 x Z3 X Z3' In [4], it is shown that a Cayley graph of T can 
be embedded in both an orientable and a non-orientable surface of Euler characteristic 
- 12. We show that if a Cayley graph of T can be embedded in a closed surface S, then the 
Euler characteristic X(S) of S satisfies X(S) < - 10. It follows that Thas orientable genus 
7. We leave open the possibility that a Cayley graph of Tembeds in a non-orientable surface 
S with X(S) = -11. 
The orientable genus y(H) of a group H was first defined in [8] and is the smallest integer 
n so that a Cayley graph of H embeds in a closed orientable surface of genus n. The genus 
of a closed orientable surface Sis t(2 - X(S)). See [9] and [7] for more information about 
y(H). 
From [4] we have y(T) ~ 7. Proulx (unpublished) showed y(T) ~ 5, and Tucker 
(unpublished) recently showed y(T) ~ 6. The orientable genus y of each group of order less 
than 32, except for T and the non-abelian semiduct product A of Z9 and Z3, was determined 
in [6]. It is shown in [1] that y(A) = 4. (Due to a misreading of Table 1 on p. 134 of [5], 
the group A was overlooked until quite recently. See [10].) Among the groups of order less 
than 32, y(T) = 7, y(A) = 4, one has y = 3, and all others have y = 0 or 1 (see [6] and 
[10]). The high value of y(T) and the difficulty in analysing y(T) seems to come from the 
3,cycles in a Cayley graph of r. (See [3] for examples of what may be accomplished with 
~belian groups when 3-cycles are not present.) 
We start our proof in Section 2 where we give basic geometric facts. Let}; be the number 
of i-cycles that bound faces in a given embedding of a Cayley graph of Tinto a surface. The 
main idea will be to restrict the number of possible U;' '/4) pairs by finding upper and lower 
bounds onh for each value of;;'. In Section 3 we obtain lower bounds from the formula 
for X. In Section 4 we obtain preliminary upper bounds by focusing attention on special 
subgraphs. We use these bounds in Section 5 to give a short proof that no Cayley graph 
of T embeds in a surface S with X(S) ~ - 9. In the rest of the paper we assume that a 
Cayley graph of T embeds in a surface S with X(S) = - 10 and derive a contradiction. In 
Section 6 and 7 we combine the information obtained from the subgraphs to improve on 
the upper bounds for h, and show that only seven (;;',h) pairs are possible, one for each 
value of;;' with 18 ~;;, ~ 24. (With X(S) = - II, we would have 54 possible pairs.) We 
show that 18 ~;;, ~ 21 is impossible in Section 8, we rule out;;, = 22 in Section 9, and 
we rule out;;, = 23 and;;' = 24 in Section 10. 
2. GEOMETRIC FACTS 
If X ~ Tgenerates T, then CAT) denotes the labelled, directed graph with vertex set T 
and edge set {(v, xv) I v E r, X E X}; the edge (v, xv) has label x. The graph GAT) obtained 
from CAT) by ignoring directions and labels of edges is the Cayley graph of X and r. 
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Throughout, we shall work with the generating set X = {a, b, c} of r, where 
a = (1,0,0), b = (0, 1,0) and c = (0,0, 1). We let G denote the corresponding GAr). 
Assume that G is embedded in a closed surface S. We will show that XeS) < - 10. (Up 
to isomorphism, any generating set of Tcontains X. Thus our result applies to any Cayley 
graph of T.) By [11], we may assume that each face of the embedding is an open 2-cell. We 
record: 
(1) Each vertex of G has an open 2-cell neighborhood in S. 
(2) Each edge of G is involved in exactly two edge-face incidences. 
The boundary of each face determines (up to rotation and inverse) a closed walk in G, 
and a closed walk in G determines a word in the alphabet X = {a, b, c, a-I, b-
'
, c- I } . If 
OJ is a closed walk and w is a word in X, we say that OJ has the form w provided w is the 
word determined by w up to rotation, inversion or an automorphism of the group T that 
preserves X. For example, a3, b3 and c- 3 all have form 0 3• 
A closed walk of length n is called an n-gon (or triangle, rectangle etc., if n = 3,4, etc.). 
An n-gon OJ is present or absent according to whether or not OJ bounds a face. A word w 
is reduced provied no generator and its inverse are adjacent in w; w is cylindrically reduced 
provided each rotation of w is reduced . 
(3) If the boundary of a face has form w, then w is cyclically reduced. 
(4) Every triangle has form a3 
(5) A present rectangle has form aba-'b- ' . 
(6) A present pentagon has form a2bab- l • 
The proofs of (3), (5) and (6) use (1) and (2). 
A plane in G is a subgraph of G consisting of all elements of Twith one co-ordinate held 
fixed (and all edges between them). Each plane contains 9 vertices and 9 edges. There are 
3 families of 3 parallel planes. Two planes are either parallel or intersect in a triangle. We 
say a face lies in a plane if its boundary lies in a plane. 
PROPOSITION 1. Each n-gon with n < 6 lies in a plane. 
PROOF. Since n < 6, not all three co-ordinates can change and change back. 
Letf denote the number offaces and for each positive integer n let!" denote the number 
of present n-gons. Clearly, j; = f2 = 0. From (4), we obtain 
(7) f3 ~ 27. 
We assume that among all embeddings of G into S, one that maximizes}; has been chosen. 
One reason for making this assumption is the following: 
PROPOSITION 2. If the boundary of a face A has form aaw, then w either begins or ends 
with a. In particular, fs = 0. 
PROOF. Otherwise, let e denote the third edge of the relevant a-triangle t. By changing 
only the embedding of e, one can re-embed G in S so that t bounds a face. Since distinct 
triangles in G do not share an edge, this increases the number of present triangles, a 
contradiction. To conclude thatfs = 0, use (6). 
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3. LOWER BOUNDS ON h: INEQUALITIES FROM X(S) 
Clearly, G has 27 vertices and 81 edges. Let X denote the Euler characteristic of S. By 
Euler's formula, 
(8) / = X + 54. 
Using 162 = "Lnf" ;:" 3.h + 4(/ - /3) and (8), we conclude 
(9) .h ;:" 4X + 54. 
Since/s = ° (Proposition 2), we have 162 = "Lnf" ;:" 3.h + 44 + 6(/ - /3 - h). Using 
(8) again, we conclude 
(10) 3.h + 2/4 ;:" 6X + 162 
(From (7) and (9) we obtain 27 ;:" 4X + 54, so that X ~ -7.) 
4. UPPER BOUNDS ON h: TRIANGLES AND RECTANGLES IN A PLANE 
We begin our study of present triangles and rectangles in G by studying these objects in 
a plane. 
PROPOSITION 3. The/allowing table gives the maximum number m(i) a/present rectangles 
in a plane with i absent triangles: 
i 
m(i) 
o 
1 
1 
2 
2 
2 
3 
3 
4 
4 
5 
5 
(In particular, each plane contains at most 6 present rectangles.) 
6 
6 
PROOF. Let P denote the plane; let i denote the number of absent triangles in P and let 
} denote the number of present rectangles in P. 
Note that if A and B are two rectangles in P, then they share a vertex (only) or share an 
edge. Assume that both A and B are present. By (1), if A and B share a vertex v, then at 
least one of the triangles in P incident to v must be absent. Again by (1), if A and B share 
an edge e, then all three of the triangles in P incident to e must be absent. It follows that 
if i = 0, then} ~ 1. 
Note that if a plane contains 3 present rectangles, then either'2 of them share an edge or 
the situation of Figure l(c) arises. In the first situation, 3 triangles have already been 
excluded. In the second situation, each vertex common to 2 present rectangles in P excludes 
a triangle. It follows easily that if i ~ 2, then} ~ 2. 
Note that if a triangle t in P is present, then P contains at most 2 present rectangles 
incident to t. It follows easily that if i = 3,4, or 5, then} ~ i. Finally, if P contains more 
than 6 present rectangles, then some vertex in P is incident 4 present rectangles, violating 
(1). In each case,} ~ m(i), as required. 
EXPLANA TION OF FIGURE I 
Each diagram in Figure I depicts a plane P. Each top-most edge is identified (orientably) 
with the bottom-most edge directly below it. Left-most edges are similarly identified with 
right-most edges. Shaded rectangles are present. Each number labels a triangle in P that is 
perpendicular to the side on which the number lies, and which passes through the vertex 
next to the number. 
Later, we will find ourselves in a situation where a plane with i absent triangles has exactly 
m(i) present rectangles; see (29). At that time, we will need to know exactly what such a 
plane looks like. Figure I lists all possible configurations of present rectangles in such a 
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plane. In Figure I(a), all triangles are present. In Figure l(b), one or two triangles are 
absent: if one is absent, it is 1 or 1'; if two are absent, at least one is 1 or l' but, in general, 
the second is arbitrary. In Figure l(c), 3 triangles are absent: one each of 1 or 1', 2 or 2' 
and 3 or 3'. In Figure 1 (d, e, f), all numbered triangles are absent. The proof of Proposition 
3 shows that these are the only possibilities. 
" " 
2' 3 
2 
2 
3 (a) (b) (c) ( d) 
2 2 3 
4 
3 4 5 
4 5 6 (e) (t) ( V) 
FIGURE I 
5. X(S) < -9 
Let E; denote the number of planes in G that contain exactly i absent triangles. Let E 
denote the number of absent triangles. Clearly, 
(11) E = 27 -f3. 
Since each triangle lies in exactly 2 planes, 
(12) 2E = 'f-iE;. 
Since each rectangle lies in exactly one plane, it follows from (12) and Proposition 3 that 
(13) h :::; Eo + E, + 2E. 
From (11) and (13), we obtain 
(14) 2!; + h :::; 54 + Eo + E1• 
We are ready to prove the following: 
THEOREM 1. X(S) < - 9. 
PROOF. Since r.E; = 9, we have Eo + EI :::; 9, and 
lOX + 216 :::; 4f3 + 2h 
:::; 2(54 + Eo + E1 ) 
:::; 126 
(9) and (10), 
(14), 
(above). 
Thus X :::; - 9. If X = - 9, then the above inequalities and (9) must be equalities, and 
Eo + E, must be 9. Then (9) and X = -9 give!; = 18. But Eo + EI = 9 implies E; = 0 
for i ~ 2, so (12) gives E :::; 4. Now (11) gives!; ~ 23, and a contradiction. 
6. UPPER BOUNDS ON h: PUTTING THE PLANES TOGETHER 
From now on, we assume X = - 10 and that!; is maximal. For convenience, we record 
the following versions of (8), (9) and (10) with X = - 10: 
On the genus of Z) x Z) X z) 
(IS) f = 44; 
(16) f) ~ 14, (E ~ 13); 
(17) 3h + 2/.. ~ 102, (2/.. ~ 21 + 3E). 
Using (17) and (14), 102 + f3 ~ 4h + 2/.. ~ 126, so 
(I 8) h ~ 24. 
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Similarly, two times inequality (14) combined with (16) and (17) gives 108 + 2(Eo + E,) ~ 
4h + 2f4 ~ 116, so that 
(19) Eo + E, ~ 4. 
We being by improving (16) to h ~ 18 and (19) to Eo + E, ~ 6. 
Let Y denote the set of planes with at most one absent triangle and let y* denote the 
remaining planes. If Z is a set of planes, then i(Z) will denote the number of ordered pairs 
(t, P), where P is a plane in Z and t is an absent triangle that lies in P. Since each triangle 
lies in exactly 2 planes, 
(20) 2E = i(Y) + i(Y*). 
Clearly, 
(21) i(Y) ~ Eo + E,. 
(In fact, i(Y) = E" but we do not know how to exploit this.) From (20) and (21) we obtain 
(22) i(Y*) ~ 2E - (Eo + E,). 
The following proposition will help us to obtain a lower bound for Eo + E,: 
PROPOSITION 4. Given L ~ 5 planes in G, the maximum number of triangles .(L) which 
lie in two of the L planes is given by the following table: 
L 
,(L) 
o 
o 
1 
o 
2 
1 
3 
3 
4 
5 
5 
8 
PROOF. Let D denote the finite geometry of 9 lines and their 27 points of intersection 
that is shown in Figure 2. The 9 lines of D correspond to the 9 planes in G. The 27 points 
of D correspond to the 27 triangles in G. Clearly, D serves to represent the intersection of 
planes in G. Proposition 4 is easy to verify using Figure 2. 
FIGURE 2 
In Proposition 4, let L = 9 - (Eo + E,); by (19), L ~ 5. Since each absent triangle lies 
in at most 2 planes in Y* and Proposition 4 gives an upper bound for the number that lie 
in exactly 2, we obtain 
(23) i(Y*) ~ E + .(L). 
Combining with (22) and rearranging, we obtain 
(24) E ~ (Eo + E,) + .(L). 
From (17), (13) and h = 27 - E, we obtain 21 + 3£ ~ 2/.. ~ 4E + 2(Eo + E,), so 
(25) 21 ~ E + 2(Eo + E,). 
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By (25) and (24), 21 ~ 3(Eo + E]) + r(L), so 
(26) 3L ~ 6 + r(L) 
since Eo + E] = 9 - L. From the table in Proposition 4, L ~ 3 so that 
(27) Eo + E] ~ 6. 
From the table again and (24), we conclude 
(28) E ~ 9, (h ~ 18). 
7. THE POSSIBLE CONFIGURATIONS FOR 18 ~ h ~ 24 
Inequalities (18) and (28) justify the range of values of h in the following: 
PROPOSITION 5. Let X = -10 andls = 0. Thenf,. = ° ifn ~ 8, and thefollowing tables 
gives exact values for h, Eo + E] ,h, andhfor each indicated value off3: 
18 
24 
6 
2 
o 
19 
23 
7 
1 
1 
20 
21 
7 
3 
o 
21 
20 
8 
2 
1 
22 
18 
8 
4 
o 
23 
17 
9 
3 
1 
24 
15 
9 
5 
o 
PROOF. Focus first on h and Eo + E]. The indicated values are lower bounds for f4 
because of (17). The indicated values are lower bounds for (Eo + E]) because of (14). We 
will show that the indicated values of Eo + E] are upper bounds. (This part ofthe argument 
does not require X = - 10.) 
If Eo + E] = 9, then i(Y*) = 0, so (22) gives 2E ~ 9, and so f3 ~ 23. 
If Eo + E] = 8, then i(Y*) ~ 6. If i(Y*) ~ 5, then (22) gives 2E ~ 13. If i(Y*) = 6 
(so that the single plane in y* contains 6 absent triangles), then another absent triangle 
would create a second plane with ~ 2 absent triangles, contradicting Eo + E] = 8. In 
either case, E ~ 6, so h ~ 21. 
If Eo + E] = 7, then (24) and Proposition 4 give E ~ 8, so h ~ 19. 
Now that the listed values for Eo + E] are known to be exact, we use (14) again to show 
that the listed values for h are also upper bounds. Since Is = 0, any remaining present 
n-gon must satisfy n ~ 6. It is easy to check that, for each value of h in the table, 
162 - 3h - ~ = 6(44 - h - h) + e, where e = ° or I according to whetherh is even 
or odd. The indicated values of h, and f7 follow easily. 
Proposition 5 has several immediate corollaries which we list below. We refer to the first 
two as "tautness". 
(29) If a plane P has exactly i absent triangles , then P must have exactly m(i) present 
rectangles, where m(i) is as given in Proposition 3. 
Otherwise, inequality (14) would be strict. The following consequence of (29) is important; 
(30) Only the configurations of present rectangles and triangles in Figure 1 can occur. 
A special case of (30), obtained from Figure l(e), will be referred to often: 
(31) If a plane contains exactly 2 present triangles, they are perpendicular. 
(32) If h = 18 or 19, then any 2 planes in y* intersect in an absent triangle. 
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In these cases, the lower bound (22) and the upper bound (23) for i(Y*) agree. The 
remaining corollaries use (12). 
(33) If E4 = E5 = E6 = 0, thenJ; ~ 22. 
Since Eo + E1 ~ 6, the worst case (smallestJ; or maximum 2E = LiEJ is E1 = 6 and 
E3 = 3, so that (12) gives 2E ~ 15, (J; ~ 20), so Eo + E1 ~ 7. Now the worst case 
becomes E1 = 7 and E2 = 2, so 2E ~ 13, giving Eo + E1 ~ 8. Finally, the worst case 
becomes E1 = 8 and E3 = 1, so 2E ~ 11, as required. 
Assume E2 ~ 2. The worst case (as above) is E1 = 6, E2 = 2 and E6 = 1, which gives 
2E ~ 16, so Eo + E1 ~ 7. The worst case becomes E1 = 7 and E2 = 2, which gives 
2E ~ 11, so Eo + E1 ~ 8, a contradiction. 
8. f3 ~ 22 
Assume X = - lO and 18 ~ J; ~ 2l. To reach a contradiction, we choose a plane P 
with a large number of absent triangles and analyse the perpendicular edges that share a 
vertex with P. To set notation, let P3 and P4 denote the number of present triangles and 
rectangles in P and let q3 and q4 denote the number of present triangles and rectangles 
perpendicular to P that share (at least) a vertex with P. By (29), the table in Proposition 
3 gives those values of 6 - P3 and P4 that go together. The following proposition will help 
give a lower bound for q4: 
PROPOSITION 6. Let P be a plane with exactly i absent triangles. The following table gives, 
for each triangle t in P, a lower bound on the number of present rectangles in P with which 
t shares an edge, according to whether t is present or absent: 
i 
t absent 
t present 
o 
n.a. 
o 
1 
2 
1 
2 
1 
1 
PROOF. By (30), it suffices to check Figure 1. 
3 
2 
1 
4 
3 
2 
5 
3 
2 
6 
4 
n.a. 
If P is a plane, there are exactly 18 edges perpendicular to P that share a vertex with P. 
By (2), these 18 edges require exactly 36 edge-face pairs. Clearly, each triangle counted by 
q3 and each rectangle counted by q4 contributes exactly 2 such edge-face pairs. Thus 
(35) q3 + q4 ~ 18. 
Similarly, P contains exactly 18 edges which, as above, require exactly 36 edge-face pairs. 
Clearly, the faces counted by P3' P4' q3 and q4 contribute 3, 4, 0 and 1, respectively, so 
3P3 + 4P4 + q4 ~ 36. We need more: 
(36) If q3 + q4 = 18, then either 3p3 + 4P4 + q4 = 36 or 3P3 + 4P4 + q4 ~ 30. 
Assume q3 + q4 = 18 and 30 < 3P3 + 4p4 + q4 < 36. Since q3 + q4 = 18, all 'external' 
access to P has been accounted for, so that any remaining present n-gons that account for 
an edge-face pair in P must lie in P. The inequalities on 3P3 + 4p4 + q4 require such an 
n-gon to be present and satisfy n < 6, a contradiction since we have accounted for all 
present n-gons in P with n < 6. 
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PROPOSITION 7. E6 = O. 
PROOF. Let P be a plane which contains 6 absent triangles. Clearly, q3 ~ 8: two or more 
absent triangles perpendicular to P would violate Eo +E, ~ 6. By (34), E2 ~ 1 so 
Proposition 6 gives q4 ~ 11, which contradicts (35). 
PROPOSITION 8. E5 = O. 
PROOF. Let P be a plane which contains 5 absent triangles. Assume Eo + E, = 8. Then 
E2 = 0 and q3 = 9. Proposition 6 gives q4 ~ 10, which contradicts (35). 
(We will refer to Figure 3 which has marked copies of the geometry D in Figure 2. A solid 
dot (e) will indicate an absent triangle. An open dot (0) will indicate a triangle that could 
be absent without violating a current assumption about Eo + E,.) 
Assume Eo + E, = 7. By Proposition 5,h = 19 or 20, so E = 7 or 8. If E2 = 1, then, 
arguing as in the proof of (33) and (34), the worst case is E, = 7, E2 = 1 and E5 = 1, which 
gives 2E ~ 14. If, in addition, Eo > 0, then 2E < 14, which contradicts E = 7 or 8. Thus 
E2 = 0 and E = 7 or 8; or E2 = I, E = 7 and Eo = O. Either way, Proposition 6 gives 
q4 ~ 10, so q3 ~ 8. This leads to the situation in Figure 3(a). Any attempt to introduce an 
additional absent triangle into Figure 3(a) (necessary, since E ~ 7) yields q4 ~ II (by 
Proposition 6), which contradicts (35), since q3 = 8. 
(a) 
P~"----------~~ 
(J ( c) (d) 
FIGURE 3 
Assume Eo + E, = 6, SOh = 18. By (32), the 2 planes parallel to P each contain at most 
one absent triangle, so q3 ~ 7. This leads to the situation of Figure 3(b). By (31), the plane 
R cannot contain 2 additional absent triangles. If Q and R each contain one additional 
absent triangle, then Proposition 6 gives q4 ~ 12, which contradicts (35), since q3 = 7. We 
are left with the situation in Figure 3(c). By Proposition 6, q4 ~ 11, so q4 = II, since 
q3 = 7. In turn, 3P3 + 4P4 + q4 = 34, which contradicts (36). 
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PROPOSITION 9. E4 = 0. 
PROOF. Let P be a plane which contains 4 absent triangles. Assume E4 = 3, so 
Eo + EI = 6 and J; = 18. Using (31) and (32), it is easy to check that the only possible 
configuration is that depicted in Figure 3(d). In this situation, q3 = 6 and Proposition 6 
gives q4 ~ 12, so q4 = 12. Then 3P3 + 4P4 + q4 = 34, which contradicts (36). 
Assume E4 = 2. It is impossible to have two lines in D with 4 dots that obey (31) and 
have Eo + EI = 7, so Eo + EI = 6. Again, as in the proof of (33) and (34), the worst case 
is EI = 6, E3 = 1 and E4 = 2 (since E5 = E6 = 0), so that 2E ~ 17, a contradiction. 
Assume E4 = 1. Again, as in the proof of (33) and (34) and using E5 = E6 = 0, the 
worst case is EI = 6, E3 = 2 and E4 = 1, which gives 2E ~ 16, so Eo + EI ~ 7. Assume 
Eo + EI = 7. The worst case is EI = 7 and E3 = E4 = 1, which gives 2E ~ 14. If 
Eo > 0, then 2E < 14, a contradiction. Thus Eo = 0, so Proposition 6 gives q4 ~ 10, so 
q3 ~ 8. Again, since Eo = 0, the 2 planes parallel to P each contain an absent triangle, so 
q3 ~ 8. It follows that q4 = 10, so 3P3 + 4P4 + q4 = 32, which contradicts (36). 
Finally, assume Eo + EI = 8. The worst case is EI = 8, E4 = 1 which gives 2E ~ 12. 
Again, Eo > ° gives a contradiction, so Proposition 6 gives q4 ~ 10, and so q3 ~ 8. As 
above, the two planes parallel to P each contain an absent triangle. But this gives E ~ 7, 
a contradiction. 
9. J; -1= 22 
To eliminatef3 = 22,23 and 24, we shall need to analyse hexagons. Up to symmetry, any 
hexagon has one of the following 6 forms; (i) a6, (ii) aW, (iii) a2b2ab, (iv) a2ba- 2b- l , (v) 
(ab?, (vi) aba-1cb- 1c- 1 or (vii) abca-1b-1c- l • 
PROPOSITION 10. Present hexagons of forms (i), (ii), (iii) and (iv) do not occur. 
PROOF. Form (i) violates (1). Forms (iii) and (iv) violate Proposition 2. Assume that a 
hexagon H of form (ii) is present (andJ; ~ 22). We will use tautness and Proposition 6 to 
show that H shares an edge with at least 7 present rectangles, contradicting (2). 
Clearly, the plane P containing H also contains at least 2 absent triangles: the triangles 
whose edges lies in H. SinceJ; ~ 22, P is the only plane with more than one absent triangle. 
By Proposition 6, each of the 2 triangles in H shares an edge with at least 2 present 
rectangles perpendicular to P. Unless P contains exactly 2 absent triangles, Proposition 6 
shows that the 2 triangles in H each share an edge with at least 2 triangles in P, a 
contradiction. If P contains exactly 2 absent triangles (namely, those in H), then tautness 
and Figure 1 show that one of the triangles in H shares an edge with 2 present rectangles 
in P and the other with at least one, again a contradiction. (It is also possible to show that 
if a hexagon of form a3 b3 is present, then G can be re-embedded in S with an increase in 
the number of present triangles.) 
A hexagon of type (v) will be called flat; a hexagon of type (vi) or (vii) will be 
called cubical. Note that a cubical hexagon contains an even number of edges in each 
direction. 
PROPOSITION 11. The only possible configurations of present rectangles and flat hexagons 
in a plane are those depicted in Figure 4 (where the wavy line marks the flat hexagon). In 
Figure 4(a), 2 triangles are absent; they meet at the vertex common to the two present 
rectangles. In Figure 4(b), 3 triangles are absent; they are parallel. 
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(a) ( b) 
FIGURE 4 
PROOF. We use (29). Clearly, a flat hexagon cannot be present in a plane containing 2 
present rectangles that share an edge. Similarly, 2 flat hexagons present in a plane require 
at least 3 triangles to be absent and allow at most one rectangle to be present. (There are 
two cases to consider: the 2 flat hexagons share no edges; the 2 flat hexagons share an edge.) 
Finally, if a flat hexagon and a rectangle are present in a plane P, then, by (1), they cannot 
share an edge; it follows that they share 2 vertices that do not lie on a common triangle. 
As in the proof of Proposition 3, at least 2 triangles in P are absent. By (29), if a plane P 
contains a present flat hexagon, exactly 2 or 3 triangles in P are absent (and the same 
number of rectangles are present.) Clearly, Figure 4 depicts the only possibilities (up to 
symmetry). 
By Proposition 11, if a flat hexagon is present, then Eo + E, ~ 8, so h ~ 22. 
PROPOSITION 12. h;f. 22. 
PROOF. Assume 13 = 22. By Proposition 5, all present n-gons satisfy n = 3, 4 or 6. 
Assume no flat hexagons are present. Since each rectangle and cubical hexagon contains an 
even number of edges in each direction, it follows that the number of present triangles in 
each direction is even, so these numbers must be 8, 8, 6. Thus 5 dots must be placed in the 
geometry D of Figure 2, 3 in one corner and 1 each in the other two. This is impossible 
under the constraint Eo + EI = 8. Thus the present hexagon must be flat. 
We show that Figure 4(b) cannot occur. Assume that a present hexagon H ofform (ab? 
occurs in a plane P in the configuration of Figure 4(b). By symmetry, assume that the 3 
absent triangles in P are a-triangles. Since Eo + E, = 8, H is the only present flat hexagon. 
A parity argument (as above) shows that the number of present a-triangles is odd, so at least 
one more a-triangle is absent. But this would contradict Eo + EI = 8. 
Finally, we show that Figure 4(a) cannot occur. Let P denote a plane in which Figure 4(a) 
is assumed to occur, let v denote the vertex common to the 2 present rectangles in P, let tl 
and t2 denote the triangles in P incident to v (t l and t2 are absent), let el , e3 denote the edges 
in P incident to v lying in t l , let e2, e4 denote the edges in P incident to v lying in t2 and 
for i = 1,2, 3,4, let Vi denote the endpoint of ei with Vi ;f. v. 
Since P is the unique plane containing more than one absent triangle, tl and t2 each share 
2 edges with present rectangles perpendicular to P (Proposition 6). It is easy to check that 
exactly one of e l and e3 and exactly one of e2 and e4 share an edge with a present rectangle 
perpendicular to P. Choose notation so e l and e2 do not lie in a present rectangle perpen-
dicular to P. Each edge in tl and t2, except el and e2, already lies in 2 faces. Each triangle 
perpendicular to P and incident to tl or t2 is present (Eo + E, = 8). It follows that 5 of the 
6 faces incident to v, VI and V2 are accounted for. It is easy to check that this requires the 
existence of a face whose boundary has form involving a subword cabc (a and b correspond 
to e l and e2 , respectively), a contradiction: a closed walk in G involving cabc has to have 
length ~ 7. 
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10. h "# 23 ANDf) "# 24 
Let f) = 23 or 24. Then Eo + El = 9 (Proposition 5), so that no fiat hexagons are 
present (Proposition 11) and each absent triangle t shares an edge with 2 rectangles in each 
of the 2 planes that contain t (Proposition 6). There are 2 possible configurations for t and 
these 4 rectangles. These are depicted in Figure 5(a) (the tight pattern) and Figure 5(b) (the 
loose pattern). 
(a l 
5 
(b) 
FIGURE 5 
PROPOSITION 13. The loose pattern is not present . . 
PROOF. The numbers in Figure 5 denote the edge-face pairs incident to t not occupied 
by one of the indicated (present) rectangles or by one of the 6 triangles that share a vertex 
with t (all of which are present since Eo + El = 9). 
By Proposition 2, the edge-face pairs 1 and 4 in Figure 5(b) cannot be adjacent in a face. 
By (1), 4 and 6 cannot be adjacent; similarly, 1 and 5 cannot be adjacent. It follows that 
the sequence 6, 1,2 occurs in a face; similarly, the sequence 3, 4, 5 occurs in a face. Clearly, 
an n-gon with n < 8 cannot contain both sequences. Since at most one 7-gon is present, 
at least one of the sequences must lie in a present hexagon. But the corresponding hexagon 
would have to be fiat, a contradiction. . 
REMARK. In the tight pattern, the sequence I , 3, 4 occurs in a face and the sequence 2, 
3', 5 occurs in a face. These 2 faces are distinct, at least one is a present hexagon and the 
other is either a present hexagon or a present 7-gon. Note that the 4 rectangles in Figure 
5(a), the 6 triangles that share a vertex with t and the 2 faces above (all of which are present), 
account for all incidences of t with faces. (The resulting neighborhood of t in S is a Mobius 
band, so S is non-orientable.) 
PROPOSITION 14. h"# 23 or 24. 
PROOF. If f) = 24, a parity argument shows that the 3 absent triangles lie in distinct 
directions. Iff) = 23, a similar argument (using the fact that a 7-gon has an even number 
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of edges in 2 directions and an odd number in the third) shows that there exist 3 absent 
triangles that lie in distinct directions. We will show that there is a unique way (up to 
isomorphism) to fit the tight pattern around each of these 3 triangles and that this leads to 
a contradiction. 
Co-ordinates for G can be chosen so that the 3 triangles above are A = {(x, I, I) I x E Z3}' 
B = {(2, 2, z) I Z E Z3} and C = {(I, y, 2) lYE Z3}. (Here, Z3 = {O, 1, 2} and co-ordinates 
are taken modu"lo 3.) Define e: G -+ G by 8(x, y, z) = (z, - x, - y). Clearly, 8 is a 
graph-isomorphism, 82 (x, y, z) = (- y, - z, x) and 83 is the identity. Also, 8(A) = C, 
e(C) = B, 8(B) = A and (0, 0, 0) is a fixed-point of 8. 
Since no two of A, Band C lie in a common plane, the remark preceding Proposition 14 
implies that no present rectangle involved in the tight pattern around A can be incident to 
B or C. If follows easily that the vertex common to the 4 present rectangles in A' s tight 
pattern must be (0, 1, I). Further analysis shows that the rectangles must be 
RI = {CO, 1, 1), (0, 2, 1), (I, 2, 1), (1, 1, I)}, 
R2 {(O, 1, 1), (0, 1, 0), (I, I, 0), (I, 1, I)} 
R3 {CO, 1, 1), (0, 0, 1), (2, 0, 1), (2, 1, In, 
14 {CO, I, 1), (0, 1, 2), (2, 1, 2), (2, 1, I)} 
The tight patterns for Band C may be obtained by applying 82 and 8. 
The tight patterns around A, Band C account for 12 present rectangles. Clearly, any 
additional present rectangle must lie in one of the planes x = 0, y = ° or z = 0. We claim 
that any additional present rectangle must be incident to the vertex (0,0,0). Note that since 
Eo + EI = 9, no additional present rectangle can share an edge with a rectangle involved 
in the tight patterns around A, B or C. Figure 6 depicts the plane z = 0. The cross-hatched 
edges are those involved in rectangles present in the tight patterns around A, B, and C. The 
rectangles marked' x' are therefore the only possibilities for present rectangles in x = 0. 
Both are incident to (0, 0, 0). The same conclusion follows for y = ° and z = ° by applying 
82 and 8, since (0, 0, 0) is a fixed point of 8. 
x 
(0,0,2) 
(0,0,1) 
X 
(0,0,0) 
(0,1,0) (0,2,0) 
FIGURE 6 
If /3 = 23, then, by Proposition 5, there are 17 present rectangles. We have accounted 
for 12 and the remaining 5 must be incident to (0, 0, 0). It follows that (0, 0, 0) is incident 
to at least 2 absent triangles. This is a contradiction, since there are only 4 absent triangles. 
If h = 24, then, by Proposition 5, there are 15 present rectangles. We have accounted 
for 12 and the remaining 3 must be incident to (0, 0, 0). More can be said: the remaining 
present rectangles must be either those marked 'x' in Figure 6 or those obtained by 
applying 82 or 8, giving 6 possible rectangles. It is impossible to make 3 of these 6 rectangles 
present without making a fourth triangle absent: for any given 3 of these 6 rectangles either 
some 2 of the 3 lie in a common plane or some 2 of the 3 have a common edge. This is a 
contradiction. 
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